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Greenberger-Horne-Zeilinger (GHZ) theorem asserts that there is a set of mutually commuting 
nonlocal observables with a common eigenstate on which those observables assume values that 
refute the attempt to assign values only required to have them by the local realism of Einstein, 
Podolsky, and Rosen (EPR). It is known that for a three-qubit system there is only one form of the 
GHZ-Mermin-like argument with equivalence up to a local unitary transformation, which is exactly 
Mermin's version of the GHZ theorem. In this paper, however, for a four-qubit system which was 
originally studied by GHZ, we show that there are nine distinct forms of the GHZ-Mermin-like 
argument. The proof is obtained by using some geometric invariants to characterize the sets of 
mutually commuting nonlocal spin observables on the four-qubit system. It is proved that there 
are at most nine elements (except for a different sign) in a set of mutually commuting nonlocal 
spin observables in the four-qubit system, and each GHZ-Mermin-like argument involves a set of at 
least five mutually commuting four-qubit nonlocal spin observables with a GHZ state as a common 
eigenstate in GHZ's theorem. Therefore, we present a complete construction of the GHZ theorem 
for the four-qubit system. 

PACS numbers: 03.65.Ud, 03.67.-a 



I. INTRODUCTION 



Bell's inequality [lj indicates that certain statistical 
correlations predicted by quantum mechanics for mea- 
surements on two-qubit ensembles cannot be understood 
within a realistic picture based on Einstein, Podolsky, 
and Rosen's (EPR's) notion of local realism 0. There 
is an unsatisfactory feature in the derivation of Bell's 
inequality that such a local realistic and, consequently, 
classical picture can explain perfect correlations and is 
only in conflict with statistical prediction of quantum 
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mechanics. Strikingly enough, the Greenberger-Horne- 
Zeilinger (GHZ's) theorem exhibits that the contradic- 
tion between quantum mechanics and local realistic the- 
ories arises even for definite predictions on a four-qubit 
system Mermin jj] subsequently refined the original 
GHZ argument on a three-qubit system. Let us recall 
that their approaches were characterized by the follow- 
ing premises: 

(a) a set of mutually commuting nonlocal observables, 

(b) a common eigenstate on which those observables 
assume values that refute the attempt to assign values 
only required to have them by EPR's local realism. 

Based on this criterion of a GHZ-Mermin-like argu- 
ment, we define a GHZ-Mcrmin experiment by a set of 
mutually commuting nonlocal observables with at least 
two different observables at each site. (Note that, a com- 
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mon local observable does not provide a random selec- 
tion of measurements and so plays no role in the GHZ- 
Mermin-type proof.) A GHZ-Mermin experiment pre- 
senting a GHZ-Mermin-like argument on a certain com- 
mon eigenstate is said to be nontrivial. There is no non- 
trivial GHZ-Mermin experiment in the two-qubit system, 
while in the three-qubit system there is only one nontriv- 
ial GHZ-Mermin experiment (with equivalence up to a 
local unitary transformation) , which is exactly Mermin's 
version of the GHZ theorem 0. On the other hand, 
the GHZ-Mermin-like argument has been extended to 
n qubits |(J, and to multiparty multilevel systems 0. 
So far, however, no complete construction of nontrivial 
GHZ-Mermin experiments is presented beyond the three- 
qubit system as noted in Q , there are only partial results 

m 

In this paper, we will construct all nontrivial GHZ- 
Mermin experiments of the four-qubit system, for which 
the GHZ-likc argument was developed originally by GHZ 
3J. It is proved that there are nine distinct forms of 
the GHZ-Mermin-like argument on the four-qubit sys- 
tem, and each GHZ-Mermin-like argument involves a set 
of at least five mutually commuting four-qubit nonlocal 
spin observables with a GHZ state as a common eigen- 
state in GHZ's theorem. Precisely, we obtain the follow- 
ing results. 

(i) All four-qubit GHZ-Mermin experiments of at most 
four elements are trivial. 

(ii) Four-qubit GHZ-Mermin experiments of five (6, 7, 
or 8) elements possess 11 (9, 5, or 3) different forms, two 
of which are nontrivial. 

(iii) A four-qubit GHZ-Mermin experiment contains at 
most nine elements and, the experiments of nine elements 
have two different forms, one of which is trivial, while 
another one is nontrivial. 

(iv) In every nontrivial GHZ-Mermin experiment for 
the four-qubit system, the associated states exhibiting 
an "all versus nothing" contradiction between quantum 
mechanics and EPR's local realism must be GHZ states. 

Our proof is based on some subtle mathematical argu- 
ments. We first classify the equivalence of GHZ-Mermin 
experiments by two basic symmetries acting on them. 
Then, we define two geometric invariants for a GHZ- 
Mermin experiment, which can be used to distinguish 
two inequivalent experiments. These arguments can be 
easily extended to n qubits. 

The structure of this paper is as follows. In Sec.II, we 
first prove a lemma on the structure of two commuting 
nonlocal spin observables of n qubits. Then, we discuss 
two basic symmetries ((Si) and (S2)) acting on GHZ- 
Mermin experiments of n qubits. By these two basic 
symmetries we define the equivalence of GHZ-Mermin ex- 
periments. We illustrate that a four-qubit GHZ-Mermin 
experiment of three elements must equivalently be one 
of three different forms. Finally, we define two geomet- 
ric invariants (C-invariants and R-invariants) for a GHZ- 
Mermin experiment. These two geometric invariants are 
invariant under (Si), (S2), and local unitary transforma- 



tions (LU). They paly a crucial role in the equivalence 
of GHZ-Mermin experiments. In Sec. Ill, we show that 
a four-qubit GHZ-Mermin experiment of four elements 
must equivalently be one of seven different forms. Then 
we prove that every four-qubit GHZ-Mermin experiment 
of three or four elements is trivial. In Sec. IV, we show 
that four-qubit GHZ-Mermin experiments of five (6, 7, 
or 8) elements possess 11 (9, 5, or 3) different forms. 
It is proved that in each case there are two nontrivial 
GHZ-Mermin experiments and, the associated states ex- 
hibiting an "all versus nothing" contradiction between 
quantum mechanics and EPR's local realism are GHZ 
states. In Sec.V, we prove that a four-qubit GHZ-Mermin 
experiment contains at most nine elements and the ex- 
periments of nine elements have two different forms, one 
of which is trivial while another one is nontrivial. Finally, 
in Sec. VI we give some concluding remarks and questions 
for further consideration. 



II. GHZ-MERMIN EXPERIMENTS AND 
SYMMETRIES 

Let us consider a system of n qubits labelled by 
1, 2, • • • ,71. Let Aj,A'j denote spin observables on the jth 

qubit, j = 1, 2, • • • , n. For Af = af ■ a. 3 (1 < j < n), we 
write 

(Aj,A'j) = {a,j,tfj),Aj x A) = (a 3 x 3j) ■ dj. 

Here dj = (a^.,a^,al) are the Pauli matrices for the jth 

qubit; the vectors af are all unit vectors in E 3 . It is easy 
to check that 

AjA'j = (Aj,A'j) + iAj x Aj, (2.1) 
A>A J = (A J ,A>)- l A 3 xA>, (2.2) 



ll^x^.H^l-^,^.) 2 . (2.3) 

Also, Aj x Aj = if and only if Aj = ±A' j , i.e., Aj is 
parallel to A'j\ (Aj, A'j) =0 if and only if Aj is orthogonal 
to A'j, denoted by Aj _L A'j. 

We write A± ■ ■ ■ An , etc., as shorthand for Af ® • • • ® 

An . The following lemma clarifies the inner structure of 
mutually commuting nonlocal spin observables of the n- 
qubit system. 

Lemma: Two nonlocal n-qubit spin observables 
A\ ■ ■ ■ A n and A\ ■ ■ ■ A' n are commuting if and only if for 
every j = 1, 2, • • • , n, Aj is either parallel or orthogonal 
to A'j , and the number of sites at which the correspond- 
ing local spin observables are orthogonal to each other is 
even. 

Proof. The sufficiency is clear. Indeed, by Eqs.(2.1) 
and (2.2), we have that AjA'j = —A'jAj whenever 
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(Aj, A'-) = 0. Since the number of elements of {j : Aj _L 
A'j} is even, it is immediately concluded that A\ ■ ■ ■ A n 
and A\ ■ ■ ■ A' n are commuting. 

To prove the necessity, suppose that A\ ■ ■ ■ A n and 
A[ ■ ■ ■ A' n are commuting. For every unit vector \ui) ® 
■ ■ ■ <8> \u n ), one has 

n n 

J] IIA^K)!! 2 = HiAjAfalA'jAw). 

3=1 3=1 

By Eqs.(2.1) and (2.2), we have 

\\AjA'j\ U j)f = (Aj,A'j) 2 + \\Aj X A'j\ Uj )f, 

(A^uAA'^u,) = (Aj,A'j) 2 \\Aj x A>^)|| 2 

-2i(Aj,A'j){ U j\Aj x A'jluj). 

Note that, if Aj x Aj ^ 0, there correspond to two eigen- 
values ± || Aj x II with the corresponding unit eigenvec- 
tors \Uj ). In this case, we set \uj) — (\u^) + \uJ))/V% 
and obtain (uj\Aj x A'^\uj) = 0. Hence, we have 

n 

n[(^,4) 2 +n^ x 4i^)ii 2 ] 

3=1 
n 

=n[(^4) 2 -n^ x 4K)n 2 ]- 

3=1 

This immediately concludes that either Aj = or 

(Aj, Aj) = for each j = 1,2, • • • , n. On the other hand, 
by Eqs.(2.1) and (2.2) we have that AjA'j = -A'jAj 
whenever (Aj,A'j) = 0. Therefore, the number of ele- 
ments of Aj _L A[j is even. 

The Lemma tells us that two commuting nonlocal spin 
observables of the n-qubit system have a nice structure, 
which has been used to clarify the geometric structure of 
GHZ-Mermin experiments of both two-qubit and three- 
qubit systems in For convenience, we reformulate 
the Lemma in the case of four qubits that two four-qubit 
nonlocal spin observables A\A 2 A 3 Aa and A\A 2 A 3 A\ are 
commuting if and only if one of the following conditions 



is satisfied: 












(1) 


Ai = ±A[ 


A 2 = ±A' 2 


A 3 -~ 


= ±A' 3 , 


A 4 = ±A 4 ; 




(2) 


At = ±A[ 


A 2 = ±A' 2 


(A 3 


A' 3 ) = 


{M,A't) = 





(3) 


A, = ±A[ 


A 3 - ±A 3 


(A 2 


A' 2 ) = 


(A 4 ,A> 4 ) = 





(4) 


A, = ±A[ 


A 4 = ±A' 4 


(A 2 


A' 2 ) = 


(A 3 ,A' 3 ) = 





(5) 


A 2 = ±A' 2 


A 3 = ±A 3 


(Ai 


A[) = 


(A 4 ,A' i ) = 





(0) 


A 2 = ±A' 2 


A 4 = ±A' 4 


{M 


A[) = 


(A 3 ,A' 3 ) = 





(7) 


A3 = ±A' 3 


A 4 = ±A\ 


(Ai 


A[) = 


(A 2 ,A' 2 ) = 





(8) 


(Ai,A\) = 


(A 2) A' 2 ) = 


(As 


A' 3 ) = 


(A 4 ,A' i ) = 






This concludes that 



{AiA 2 A 3 A 4 , A\A' 2 A 3 A±, A'(A^A' 3 A' 4 }, (2.5) 

and 

{AiA 2 a 3 a 4 , a[a 2 a' 3 a' 4 ,a';a^a' 3 'a';}, (2.6) 

are all GHZ-Mermin experiments of the four-qubit sys- 
tem, where 

(Aj,A'j) = (Aj,A'!) = (A'j,A';) = 

for j = 1, 2, 3. In this article, we need to clarify the geo- 
metric structure of GHZ-Mermin experiments of the four- 
qubit system. 

Browsing through the sets of mutually commuting 
four-qubit nonlocal spin observables we quickly get the 
feeling that there are many rather similar ones, and 
also some sets which can be obtained in a rather triv- 
ial way (e.g., add a common element) from 2-qubit and 
3-qubit ones. Hence, there are many equivalent GHZ- 
Mermin experiments. Here, we describe the grouping 
of GHZ-Mermin experiments into "essentially distinct 
ones." Some symmetries acting on GHZ-Mermin experi- 
ments are obvious. There are two basic symmetries lead- 
ing to equivalent experiments as follows. 

(51) Changing the labelling of the local observables at 
each site. 

(52) Permuting systems. 

Here, we define as equivalent two GHZ-Mermin exper- 
iments A and B if they can be transformed to each other 
by symmetrical actions (Si) and (S2) or local unitary 
operations (LU). In this case, we denote by A = B. For 
example, 

{A^A 3 A^A\N 2 A 3 A A ,A\A^A\} = Eq.(2.4) 

by changing the labelling of the local observables with 
Ai < — > A'l and A 2 < — > A' 2 \ Also, 

{A^A^A'^A^A'iA'^A'i} £* Eq.(2.5) 

by permuting the system with qubit 2 qubit 4. 

Since SU(2) = SO(3) through W(aa)U = (Ra)a, there 
is a local unitary transformation Uj on the jth qubit such 
that Aj = U*aiUj,A'j = U*a y Uj, and A" = U*a{Uj, 
provided (Aj,A'j) = (A^AJ) = (A^AJ) = 0. Then, 
the GHZ-Mermin experiments Eqs.(2.4)-(2.6) are respec- 
tively equivalent to 

1-^1^2 3 4 1 2 3 4 1 JJ _4i / 7 \ 



r^lJ 3 4 12 3 4 „1 JJ 4i / a \ 

{ a x a x a x a x^ a y a y a x a x^ a z a z a V (T y h (2.8) 

and 



{A^AsAi, A[A' 2 A 3 A 4 , AiA 2 A' 3 A' i }, (2.4) 



r^.l^.2 3 4 1 2_3_4 1 2,3 41 
I a x °x a x x > a y a y a y a y > z °z z° zl '■ 



(2.9) 
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Moreover, since local observables are either parallel or 
orthogonal to each other in a GHZ-Mcrmin experiment of 
n qubits by the above Lemma, it then must be equivalent 
to a GHZ-Mermin experiment with each local observable 
taking one of a x ,a y and o z . Therefore, for constructing 
a GHZ-Mermin experiment of n qubits we only need to 
choose a x ,a y , or o z as local observables. 

Clearly, Eqs.(2.7)-(2.9) possess different geometric 
structure. That is, there are two dichotomic observ- 
ables per site in Eq.(2.7), two triads (<j x , a y , a\) and 
(a x , <7y, a z ) in Eq.(2.8), and four ones in Eq.(2.9). Since 
symmetrical actions (Si) and (S2) and local unitary op- 
erations (LU) do not change the geometric structure of 
GHZ-Mermin experiments, Eqs.(2.7)-(2.9) are inequiv- 
alent to each other. Generally speaking, every GHZ- 
Mermin experiment has two geometric invariants. On 
one hand, the number of sites which has a triad is invari- 
ant under (Si),(S2), and (LU), denoted by C. Clearly, 
C < n for the n-qubit system. On the another hand, for 
every element of the experiment there corresponds to the 
number of elements which are orthogonal to that element 
at two sites. The set of those numbers is also invari- 
ant under (Si), (S2), and (LU), denoted by R. For exam- 
ple, the C and R invariants of Eq.(2.7) are respectively 
and (2,1,1), the ones of Eq.(2.8) are 2 and (1,1,0), 
and the ones of Eq.(2.9) arc 4 and (0,0,0). Eqs.(2.7)- 
(2.9) have different geometric invariants. In the sequel, 
we show that each four-qubit GHZ-Mcrmin experiment 
of three elements must equivalently be one of the forms 
Eqs.(2.7)-(2.9) and hence, two four-qubit GHZ-Mermin 
experiments of three elements are equivalent if and only 
if they have the same geometric invariants. 

To this end, by (Si) we have that each GHZ-Mermin 
experiment of three elements must be one of the forms 

{< T l cr l cr l cr i, cr l cr l a 'l cr ii ****}, (2.10) 



On the other hand, Eq.(2.11) reduces to Eq.(2.9), 

12,3 ^4 _l_2_3_4l r~j t^^ (n o\ 
\ a x a x a x <J x'<< J y <J y a y a y>< J z a z a y a yS = Eq.(2-8), 

and 

f„l„2„3 4 „\„2„S„i ,_l_.2_3_4l t^^ (n o\ 
\° x G x° x G x^G yOyO v o v ,o z O z O x O x ) = Lq.(2.8). 

This concludes the required result. 

III. TRIVIAL GHZ-MERMIN EXPERIMENTS 

There are many trivial GHZ-Mermin experiments of 
four qubits. For example, GHZ-Mermin experiments 
Eqs.(2.7)-(2.9) are all trivial. Indeed, we will show in this 
section that each of Eqs.(2.7)-(2.9) is included in a GHZ- 
Mermin experiment of four elements and all four-qubit 
GHZ-Mcrmin experiments of four elements arc trivial. 

In the following, we write o- 1 x o 2 x o y 'Oy, etc., as short- 
hand for xxyy or x 1X2 2/3 2/4- We characterize all four-qubit 
GHZ-Mcrmin experiments of four elements as follows. 

Proposition: A GHZ — Mermin experiment of four ele- 
ments for the four-qubit system must equivalently be one 
of the following forms: 

{xxxx, yyxx, zzxx, xxyy}, (3.1) 



{xxxx, yyxx, yxyx, xxyy}, (3.2) 



{xxxx, yyxx, yxyx, yxxy}, (3-3) 



{xxxx, yyxx, yxyx, zzzy}, (3.4) 



because 

WlvlVx^ti VxO'lOy'Ox-,* * 
{ ff l (T l (T l (7 l. ^i^lo-y,* * **}, 
{ (T i' t x' i i' t i! (T i (T i (T 9 (T 9!* : ***}. 

are all equivalent to Eq.(2.10) by (S2). Since there are 
at least two distinct observables at each site, Eq.(2.10) 
reduces to Eq.(2.7), Eq.(2.8), and 

/^1^2 3 4 1 2 3 4 1 2 3 4\ (r) •, \ 

\ x x x xi y y x x"> y y y y J ' K 1 - 11 ) 

However, Eq.(2.12) is equivalent to Eq.(2.7) by (Si) with 

°i < — > °\ and <*i < — > a l- 



{xxxx, yyxx, xxyy, yyyy}, (3.5) 

{xxxx, yyxx, xxyy, zzyy}, (3.6) 

{xxxx, yyxx, xxyy , zzzz}, (3-7) 

{xxxx, yyxx, zzyy, zzzz}. (3.8) 



Moreover, the geometric invariants of Eqs.(3.1) — (3.8) 
are illustrated in Table I. 

Proof. At first, a GHZ-Mermin experiment of four ele- 
ments for the four-qubit system must equivalently be one 
of the forms 

{xxxx, yyxx, ****,**★*}, (3-9) 
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{xxxx, yyyy, ****, (3.10) 
Then, Eq.(3.9) reduces to one of the following forms 

{xxxx, yyxx, zzxx, ****}, (3.9-1) 

{xxxx, yyxx, yxyx, ****}, (3.9-2) 

{xxxx, yyxx, xxyy, ****}, (3.9-3) 

{xxxx, yyxx, zzyy, ****}, (3.9-4) 

because {xxxx, yyxx, yxxy,* * **}, 

{xxxx, yyxx, xyyx, ****}, and {xxxx, yyxx, xyxy, ****} 
are all equivalent to Eq.(3.9-2), as well as 
{xxxx, yyxx, yyyy, * * **} — Eq.(3.9 — 3). 



(1) From Eq.(3.9-1) we obtain Eq.(3.1) and 

{xxxx, yyxx, zzxx, yyyy} — Eq.(3.1), 
{xxxx, yyxx, zzxx, zzyy} = Eq.(3.1). 

(2) From Eq. (3.9-2) we obtain Eqs.(3.2)-(3.4) and 

{xxxx, yyxx, yxyx, xyxy} = Eq.(3.2), 
{xxxx, yyxx, yxyx, yyyy} = Eq.(3.2). 

(3) From Eq.(3.9-3) we obtain that Eqs.(3.1), (3.2), 
(3.5)-(3.7), and 

{xxxx, yyxx, xxyy, xxzz} = Eq.(3.1), 
{xxxx, yyxx, xxyy,yxxy} = Eq.(3.2), 
{xxxx, yyxx, xxyy, xyyx} = Eq.(3.2), 
{xxxx, yyxx, xxyy , xyxy} = Eq.(3.2), 
{xxxx, yyxx, xxyy, yyzz} = Eq.(3.6). 

(4) From Eq. (3.9-4) we obtain that Eqs.(3.6), (3.8), 
and 

{xxxx, yyxx, zzyy, zzxx} = Eq.(3.1), 
{xxxx, yyxx, zzyy, yyyy} = Eq.(3.6), 
{xxxx, yyxx, zzyy, yyzz} = Eq.(3.7), 
{xxxx, yyxx, zzyy, xxzz} = Eq.(3.7). 

On the other hand, since 

{xxxx, yyyy, yyxx, ★***}, 
{xxxx, yyyy, zzxx,****}, 
{xxxx, yyyy, zzyy, **★*}, 

and their variants are all included in Eq.(3.9), it is con- 
cluded that Eq.(3.10) reduces to 

{xxxx, yyyy, zzzz, ****}, (3.10-1) 



TABLE I: Here, we denote by j(= 1,2,3,4) the j-th ele- 
ment of the experiments. The numbers in the C column are 
C-invariants, while the numbers in 1 — 4's columns are R- 
invariants. 



C 1 2 3 4 

J3?[) 2 3 2 2 1 

(3.2) 3 2 3 2 

(3.3) 3 3 3 3 

(3.4) 3 2 2 2 

(3.5) 2 2 2 2 

(3.6) 2 2 12 1 

(3.7) 4 2 110 

(3.8) 4 1111 



.From Eq.(3.10-1) we obtain 

{xxxx, yyyy, zzzz, yyxx} = Eq.(3.7), 
{xxxx, yyyy, zzzz, zzxx} = Eq.(3.7), 
{xxxx, yyyy, zzzz, zzyy} = Eq.(3.7). 

The proof is complete. 

From the above Proposition, it suffices to consider 
Eqs.(3.1)-(3.8) for showing that every GHZ-Mermin ex- 
periments of four elements for the four-qubit system is 
trivial. Let us recall that the scenario for the GHZ- 
Mermin proof is the following: Particles 1, 2, 3, and 4 
move away from each other. At a given time, an observer, 
Alice, has access to particle 1, a second observer, Bob, 
has access to particle 2, a third observer, Charlie, has 
access to particle 3, and a fourth observer, Davis, has ac- 
cess to particle 4. For example, in the case of Eq.(3.5), by 
introducing (•) to separate operators that can be viewed 
as EPR's local elements of reality and for any common 
eigenstate of Eq.(3.5), we have 

Xi ■ X 2 ■ X 3 ■ Xi\ip) = Si\lf), 

yi-y 2 -x 3 - x 4 \f) = e 2 \f), 
xi-x 2 -y 3 - Va\<p) = sz\(p), 

Vl -V2 "2/3 ■ 2/4 1 V) = £ i\f): 

where s± = ±1. According to EPR's criterion of local 
realism 0, Eq.(3.5) allows Alice, Bob, Charlie, and Davis 
to predict the following relations between the values of 
the elements of reality: 



v{xi)v{x 2 )v{x 3 ,)v{x i ) = El, 

v{yi)v{y 2 )v{x3)v{x4) = e 2 , 

v{x{)v{x2)v{y3)v{y A ) = e 3 , 

f{yi)v{y 2 )v{y 3 )v{yi) = e 4 - 



Since (xix 2 x 3 Xi) x {yiy 2 x 3 x 4 ) x (xiar 2 y 3 y 4 ) x 
(2/12/22/32/4) = 1, we have that eie 2 £3e4 = 1- 
In this case, one can assign values u(xi) = £1, 
v{y{) = £ 2 ,i>{y 3 ) = £163, and the remaining ones 
v(-) = 1. Thus, the GHZ-Mermin proof is nullified in the 
case of Eq.(3.5). 
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TABLE II: In every case, we can assign the values as in the 
case of Eq.(3.5), the elements not indicated all take the value 
!/(.) = !. 



(3.1) v(xi) = El 

(3.2) = si 

(3.3) v{xi) = si 

(3.4) is(xi) = ei 

(3.6) u(xi) = ei 

(3.7) v(xi) =£i 

(3.8) i/(a;i) = £i 



^(yi) = £2 

v{yi) = £2£3 
^(2/2) = £2 
^(2/2) = £2 
^(2/l) = £2 

v(yi) = £2 
v{yi) = £2 



v{zi) = £3 

"(j/l) = £ 3 
f (2/3) = £3 

^(2/3) = £3 



1/(3/3) = £l£4 
1/(3/4) = £i£4 

v{yi) = £4 

i/(zi) = £4 



K2/3) = £l£3 v{zi) = £l£ 3 £4 
1/(2/3) = £l£3 v(zi) = £4 
1/(2/3) = £3 v(z 3 ) = £4 



TABLE III: The numbers in the C line are C-invariants, while 
the numbers in 1 — 5's lines are R-invariants. 
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5 


6 


7 


8 


9 


10 


11 


C 


4 


2 


4 








4 


4 


3 


4 


4 


4 


1 


4 


3 


3 


4 


4 


3 


3 


3 


2 


2 


2 


2 


2 


3 


3 


3 


3 


2 


3 


3 


2 


2 


2 


3 


2 


2 


2 


4 


3 


3 


3 


3 


2 


2 


1 


4 


2 


2 


1 


3 


3 


2 


3 





2 


1 


1 


5 


2 


2 


1 


4 


3 








3 





1 


2 



The other cases are illustrated in Table II. 

Finally, we note that Eq.(2.7) is included in Eq.(3.1), 
Eq.(2.8) in Eq.(3.6), and Eq.(2.9) (equivalently) in 
Eq.(3.7). This concludes that the four-qubit GHZ- 
Mermin experiments of three elements are all trivial. 
Therefore, a nontrivial GHZ-Mermin experiment of four 
qubits must have at least five elements. 



{xxxx, yyxx, yxyx, xxyy, zzzz}, 



{xxxx, yyxx, yxyx, yxxy, zzzz}, 



(4A.6) 



(4A.7) 



IV. NONTRIVIAL GHZ-MERMIN 
EXPERIMENTS 



{xxxx, yyxx, yxyx, zzzy, xyyx}, 



(4A.E 



In this section, we will present a complete construction 
of nontrivial four-qubit GHZ-Mermin experiments of five 
(6, 7, 8) elements. We show that the experiments of five 
(6, 7, 8) elements possess 11 (9, 5, 3) different forms. 
It is proved that in each case there are two nontrivial 
GHZ-Mermin experiments and, the associated states ex- 
hibiting an "all versus nothing" contradiction between 
quantum mechanics and EPR's local realism are GHZ 
states. 



A. The case of five elements 

We first characterize all four-qubit GHZ-Mermin ex- 
periments of five elements as follows. 

Proposition: A GHZ — Mermin experiment of five ele- 
ments for the four-qubit system must equivalently be one 
of the following forms: 



{xxxx, yyxx, zzxx, xxyy, xxzz}, 



{xxxx, yyxx, zzxx, xxyy, yyyy}, 



(4A.1) 



(4A.2) 



{xxxx, yyxx, xxyy, yyyy, zzzz}, (4A.9) 



{xxxx, yyxx, xxyy, zzyy, yyzz}, (4A.10) 



{xxxx, yyxx, xxyy, zzzz, yyzz}. (4A.11) 

Moreover, the geometric invariants of 

Eqs.(4A.l) - (4A.11) are illustrated in Table III. 

Proof. By repeating the proof of the Proposition in 
Section III, we find that every subset of four elements in 
a GHZ-Mermin experiment of five elements for the four- 
qubit system is a GHZ-Mermin experiment, i.e., a set of 
four mutually commuting nonlocal spin observables with 
at least two different observables at each site. By the 
Proposition in Sec. Ill, this concludes that a four-qubit 
GHZ-Mermin experiment of five elements must equiva- 
lently be one of the forms 



{xxxx, yyxx, zzxx, xxyy, * * **}, 



(4A.12) 



{xxxx, yyxx, zzxx, xxyy, yyzz}, 



(4A.3) 



{xxxx, yyxx, yxyx, xxyy, * * **}, 



(4A.13) 



{xxxx, yyxx, yxyx, xxyy, yxxy}, 



(4A.4) 



{xxxx, yyxx, yxyx, yxxy, * * **}, 



(4A.14) 



{xxxx, yyxx, yxyx, xxyy, xyxy}, 



(4A.5) 



{xxxx, yyxx, yxyx, zzzy, * * **}, 



(4A.15) 
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{xxxx, yyxx, xxyy, yyyy, ****}, (4A.16) 
{xxxx, yyxx, xxyy, zzyy, * * **}, (4A.17) 
{xxxx, yyxx, xxyy, zzzz, ****}, (4A.18) 

{xxxx, yyxx, zzyy, zzzz,****}. (4A.19) 

(1) From Eq.(4A.12), we obtain Eqs.(4A.l)-(4A.3), 
and 

{xxxx, yyxx, zzxx, xxyy, zzyy} = Eq.(4A.2), 

{xxxx, yyxx, zzxx, xxyy, zzzz} = Eq.(4A.3). 

(2) From Eq.(4A.13), we obtain Eqs.(4A.4)-(4A.6), 
and 

{xxxx, yyxx, yxyx, xxyy, xyyx} = Eq.(4A.4), 

{xxxx, yyxx, yxyx, xxyy, yyyy} = Eq.(4A.5). 

(3) From Eq.(4A.14), we obtain Eqs.(4A.4), (4A.7), 
and 

{xxxx, yyxx, yxyx, yxxy, xyyx} = Eq.(4A.4), 
{xxxx, yyxx, yxyx, yxxy,xyxy} = Eq.(4A.4), 

{xxxx, yyxx, yxyx, yxxy, yyyy} = Eq.(4A.4). 

(4) From Eq.(4A.15), we obtain Eq.(4A.8) and 
{xxxx, yyxx, yxyx, zzzy, yyyz} = Eq.(4A.6), 

{xxxx, yyxx, yxyx, zzzy, yxxz} = Eq.(4A.7), 

{xxxx, yyxx, yxyx, zzzy, xyxz} = Eq.(4A.6), 

{xxxx, yyxx, yxyx, zzzy, xxyz} = Eq.(4A.6). 

(5) From Eq.(4A.16), we obtain Eqs.(4A.2), (4A.9), 
and 

{xxxx, yyxx, xxyy, yyyy, yxyx} = Eq.(4A.5), 
{xxxx, yyxx, xxyy, yyyy, yxxy} = Eq.(4A.5), 
{xxxx, yyxx, xxyy, yyyy, xyyx} = Eq.(4A.5), 
{xxxx, yyxx, xxyy, yyyy, xyxy} = Eq.(4A.5), 
{xxxx, yyxx, xxyy, yyyy, xxzz} = Eq.(4A.2), 
{xxxx, yyxx, xxyy, yyyy, yyzz} = Eq.(4A.2), 
{xxxx, yyxx, xxyy, yyyy, zzyy} = Eq.(4A.2). 



(6) From Eq.(4A.17), we obtain Eq.(4A.10) and 

{xxxx, yyxx, xxyy, zzyy, zzxx} = Eq.(4A.2), 

{xxxx, yyxx, xxyy, zzyy, xxzz} = Eq.(4A.3), 
{xxxx, yyxx, xxyy, zzyy, yyyy} = Eq.(4A.2), 

{xxxx, yyxx, xxyy, zzyy, zzzz} = Eq.(4A.10). 

(7) From Eq.(4A.18), we obtain Eqs.(4A.6), (4A.9), 
(4A.11), and 

{xxxx, yyxx, xxyy, zzzz, yxxy} = Eq.(4A.6), 
{xxxx, yyxx, xxyy, zzzz, xyyx} = Eq.(4A.6), 
{xxxx, yyxx, xxyy, zzzz, xyxy} = Eq.(4A.6), 
{xxxx, yyxx, xxyy, zzzz, zzxx} = Eq.(4A.3), 
{xxxx, yyxx, xxyy, zzzz, zzyy} = Eq.(4A.ll), 

{xxxx, yyxx, xxyy, zzzz, xxzz} = Eq.(4A.3). 

(8) From Eq.(4A. 19), we obtain 

{xxxx, yyxx, zzyy, zzzz, zzxx} = Eq.(4A.l), 

{xxxx, yyxx, zzyy, zzzz, xxyy} = Eq.(4A.ll), 
{xxxx, yyxx, zzyy, zzzz, xxzz} = Eq.(4A.ll), 
{xxxx, yyxx, zzyy, zzzz, yyzz} = Eq.(4A.ll), 

{xxxx, yyxx, xxyy, zzzz, yyyy} = Eq.(4A.ll). 

From Table III we find that except for Eqs.(4A.10) and 
(4A.11), each of Eqs.(4A.l)-(4A.ll) has different geomet- 
ric invariants and hence, they are inequivalent. In order 
to distinguish Eq.(4A.10) from Eq.(4A.ll), we need to 
use other geometric invariants. Note that, for every sub- 
set of three elements in a GHZ-Mcrmin experiment there 
corresponds the number of sites at which there is a triad. 
Those numbers are invariant under (Si) and (S2). For ex- 
ample, {xxxx, yyzz, zzyy} in Eq.(4A.10) has four triads, 
while {xxxx, zzzz, yyzz} in Eq.(4A.ll) has two triads. 
It is evident that there is no subset of three elements in 
Eq.(4A.ll) possessing four triads. This concludes that 
Eqs.(4A.10) and (4A.11) are inequivalent. The proof is 
complete. 

It is easy to see that Eqs.(4A.l), (4A.3), (4A.6), 
(4A.7), (4A.10), and (4A.11) are trivial, whose as- 
signed values are illustrated in Table IV. As follows, we 
show that Eqs.(4A.2), (4A.5), and (4A.9) are also triv- 
ial. Indeed, we note that (X1X2X3X4) x (2/12/2^3^4) x 
(2:1X22/32/4) x (2/12/22/33/4) = 1- This concludes that for 
Eq.(4A.2), £i£ 2 £4£5 = 1 and thus, one can assign v{x\) — 
£1,1/(2/1) = £ 2 ,K z i) = £3,K2/3) = £i£4, and the re- 
maining ones v{-) = 1. Similarly, since (2/12/2^32:4) x 
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TABLE IV: 
!/(.) = !. 



The elements not indicated all take the value 



(4A.1) 


K x i) 


= El 


Kvi) 


= £2 


Kzi) 


= £3 




v{yz) ~- 


= £l£4 


v{zz) -- 


= £l£5 






(4A.3) 


v(xi) 


= £l 


Kyi) 


= £2 


Kzi) 


= £3 




Kva) ~- 


= £l£4 


v{z s ) = 


= £2£5 






f4A 6) 


v{xi ) 


= £j 




= £2 




= £-^ 




Kyi) = 


£l£3£4 


1/(21) 


= £5 






(4A.7) 


v(xi) 


= £l 


Kv*) 


= £2 


Kya) 


= £3 




Kyi) 


= £4 


v{zx) 


= £5 






(4A.10) 


z/(xi) 


= £l 


Kyi) 


= £2 


Kva) -- 


= £l£3 




v{zi) = 


£l£3£4 


K z a) ~- 


= £2£5 






(4A.11) 


v(xi) 


= £l 


Kyi) 


= £2 


Kva) -- 


= £l£3 




= 


£2£4£5 


K*3) -- 


= £2£s 







(2/1x22/3x4) x (xiy2X 3 y4) x (xix 2 y 3 yi) = 1 in Eq.(4A.5) 
and (xix 2 x 3 x 4 ) x (2/12/2X3X4) x {xiX^ysVi) x (t/i2/22/32/4) = 
1 in Eq.(4A.9) respectively, it is easily concluded that 
Eqs.(4A.5) and (4A.9) are both trivial. 

In the sequel, we prove that both Eqs.(4A.4) and 
(4A.8) are nontrivial, and the associated states exhibiting 
100% violation between quantum mechanics and EPR's 
local realism are GHZ states. 

Theorem: Nontrivial GHZ — Mcrmin experiments of 
five elements for the four-qubit system must equivalently 
be either Eq.(4A.4) or Eq.(4A.8). Moreover, the associ- 
ated states exhibiting an "all versus nothing" contradic- 
tion between quantum mechanics and EPR 's local realism 
are GHZ states. 

Proof. At first, for \<p) = -± (|0000) - |HH)) we have 



xix 2 x 3 X4\ip) = -\ip), 



(4A.19) 



y{x 1 )Kx2)Kys)KVi) = 1, (4A.27) 



Kyi)Kx2)Kx3)Kyi) = i- (4A.28) 

However, Eqs.(4A.24)-(4A.28) are inconsistent, because 
when we take the product of Eqs.(4A.24) and (4A.26)- 
(4A.28), the value of the left-hand side is one, while the 
right-hand side is — 1. This concludes that Eq.(4A.4) is 
nontrivial. 

Although the inconsistence of Eqs.(4A.24)-(4A.28) is 
concluded from Eqs.(4A.24) and (4A.26)-(4A.28), the 
subset of {xxxx,yxyx,xxyy,yxxy} in Eq.(4A.4) is not 
a GHZ-Mermin experiment of four qubits at whose sec- 
ond site there is only one measurement. On the other 
hand, there are some states other than GHZ's states sat- 
isfying Eqs.(4A.19) and (4A.21)-(4A.23), such as \ip) = 
a(|0000) - |1111» + 6(|0100) - |1011» with |a| 2 + |6| 2 = 
1/2. However, we will show that the states exhibiting 
the GHZ-Mermin proof in Eq.(4A.4) are the GHZ states. 
Thus, Eq.(4A.20) and so yyxx plays a crucial role in the 
GHZ-Mermin experiment Eq.(4A.4). 

Similarly, we can prove that Eq.(4A.8) is also nontriv- 
ial and omit the details. In the sequel, we prove that 
the GHZ state is the unique state with equivalence up to 
a local unitary transformation which presents the GHZ- 
Mermin proof in both Eqs.(4A.4) and (4A.8). 

To this end, we consider the generic form of Eq.(4A.8) 
and, suppose \ip) is the common eigenstate of five com- 
muting nonlocal spin observables such that 



(4A.29) 



2/12/2X3x4!^) = \ip), 



(4A.20) 



A[At 2 A s A i \<p)=e 2 \<p), 



(4A.30) 



2/1x22/3x4!^) = |</?), 



X1X22/32/4M = !</?), 



2/1x2x32/4!^) = \ip). 



(4A.21) 



(4A.22) 



(4A.23) 



By the GHZ-Mermin argument based on EPR's local re- 
alism, one has 



v(x\)v{x 2 )v{x 3 )v(xi) = -1, 



(4A.24) 



A[A 2 A^A4\<p) = e 3 \<p), 



A^A^A^tp) = e 4 \ip), 



A'iA'^A'lA'M = e 6 \<p), 



(4A.31) 



(4A.32) 



(4A.33) 



where (A, A') = (A, A") = (A', A") = 0. According to 
GHZ-Mermin's analysis based on EPR's local realism, it 
is concluded that 



K2/1M2/2MX3MX4) = 1, 



(4A.25) 



v{A 1 )v{A 2 )v{A 3 )v{A i ) = ei, 



(4A.34) 



P(yi)f(x 2 )^(y 3 )^(x 4 ) = 1, 



(4A.26) 



(4A.35) 
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v{A' x )v{A 2 )v{A' i )v{A i )=e 3 , 



(4A.36) 
(4A.37) 
(4A.38) 

When £i£2£3£4 = 1- one can assign v(Ai) = E\, v{A' 2 ) = 
e 2 ,v(A' 3 ) = £3,^(^4) = £5, and the remaining ones 
v{-) = 1. Therefore, the necessary condition for \<p) pre- 
senting a GHZ-Mermin-type proof is 



v{A'{)v{A^v(A'i)v(A' A ) = e s . 



E\E 2 E 3 E 4 — — 1- 



(4A.39) 



On the other hand, suppose Eq.(4A.39) holds, then it 
is impossible to assign values, either 1 or -1, that satisfy 
Eqs.(4A.35)-(4A.38) because when take the product of 
Eqs.(4A.35)-(4A.38), the value of the left hand is equal 
to £5 while the right hand is —£5. Thus the condition 
Eq.(4A.39) is the necessary and sufficient condition for 
\tp) presenting a GHZ-Mermin-type proof. In this case, 
by changing the signs of local observables Aj and A'j 



-e x A x ,A! 2 -► e 2 A' 2 , A' 3 -> e 3 A' 3 , and A' 4 -> s 5 A' 4 



we have that 



A 1 A 2 A 3 A 4 \<p) = -\cp), (4A.40) 



A' X A' 2 A 3 A A \ V ) = \<p), (4A.41) 



A' 1 A 2 A' 3 A A \'P) = \<p), (4A.42) 



A 1 A l 2 A 3 A i \v) = lip), (4A.43) 



where < ctj < 2ir. We write |0100), etc., as shorthand 
for |0>i®|l)2®|0) 3 (gi|0>4. Since {|eie 2 e3e 4 ) : e x ,e 2 ,e 3 ,e 4 = 
0, 1} is an orthogonal basis of the four-qubit system. We 
can uniquely write: 

\<f) = A eie2e3e4 |e 1 e 2 e3e4) 

El, £2, £3,^4=0,1 

with ^2 I Ae 1 e 2 e 3 e 4 1 2 — 1- We define the four-qubit operator 

B = -A X A 2 A 3 A A + A' X A' 2 A 3 A A 
+A' 1 A 2 A' 3 A 4 + A1A2A3A4,. 

Then by Eqs.(4A.40)-(4A.43), one has that B\ip) = %). 
This conclude that 

B 2 \ip) = I6\<p). (4A.45) 

However, a simple computation yields that 

B 2 = 4 + A{A'{A' 2 ' + A'(A'l + A'lA'l). 

Then, by using Eq.(4A.45) we conclude that 

\<p) = a|0000> + 6|0001> + c|1110) + 

where a = A 00 oo,fr = A ooi,c = A mo , and d = Ann. 
From Eqs.(4A.40) and (4A.44) it is concluded that a = 

-de l( - ai+a2+a3+ai \b = -ide l(ai+a2+a:i \ and c = ide tai . 
Therefore 



\<fi) 



-de l(ai+a2+a3) (e lai |0000) + z|0001» 
+d(ie ia4 \1110) + 1 1111>) 

1 



V2 



(e ie |000)|u)+e^|lll)|?;)) 



where \u) 
and < 9, 



^(e^|0)-M|l))> 
< 2tt. Since (u\v 



0, \<p) is a GHZ state. 



The proof for Eq.(4A.4) is similar and omitted. 



A'iA'^A'M = |p>. (4A.44) 
By Eqs.(2.1)-(2.3), one has that 



AjA'j - 


A'jAj -- 


= iA!j, 


m = - 




= iA j , 


A'-Aj = - 


A 3 A'j ■ 


= iA' p 


a) = (4) 2 


= (4 


f = l. 



Hence, Aj,A'j, and A'j satisfy the algebraic identities of 
Pauli's matrices 0. Therefore, choosing A" representa- 
tion {|0}„|1>,}, i.e., A'!\0)j = |0)„^'|1), = we 
have that 

A^O}, =e-^|l)„ A,|l), =e^|0)„ 



B. The case of six elements 

We first characterize all four-qubit GHZ-Mermin ex- 
periments of six elements as follows. 

Proposition: A GHZ — Mermin experiment of six ele- 
ments for the four-qubit system must equivalently be one 
of the following forms: 

{xxxx, yyxx, zzxx, xxyy, xxzz, yyyy}, (4B.1) 



{xxxx, yyxx, zzxx, xxyy, yyyy, zzyy}, (4B.2) 



{xxxx, yyxx, zzxx, xxyy, yyyy, zzzz}, (4B.3) 



{xxxx, yyxx, zzxx, xxyy, yyzz, zzzz}, (4B.4) 
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TABLE V: The numbers in the C line are C-invariants, while 
the numbers in 1 — 6's lines are R-invariants. 



4B 


1 


2 


3 


4 


5 


6 


7 


8 


9 


C 


4 


2 


4 


4 





4 





4 


4 


1 


4 


3 


3 


3 


5 


4 


4 


4 


2 


2 


3 


3 


3 


3 


4 


3 


4 


3 


2 


3 


2 


3 


3 


3 


5 


4 


4 


3 


2 


4 


3 


3 


2 


1 


4 


3 


4 


3 


2 


5 


2 


3 


2 


2 


4 


4 


4 


3 


2 


6 


2 


3 


1 


2 


4 





4 





2 



{raza:, yyxx, yxyx, xxyy, yxxy, xyyx}, (4B.5) 



{xxxx, yyxx, yxyx, xxyy, yxxy, zzzz}, (4B.6) 



{xxxx, yyxx, yxyx, xxyy, xyxy, yyyy}, (4B.7) 



{xxxx, yyxx, yxyx, xxyy, xyxy, zzzz}, (4B.8) 



{xxxx, yyxx, xxyy, zzyy, yyzz, zzzz}. (4B.9) 

Moreover, the geometric invariants of 

Eqs.(4B.l) - (4B.9) are illustrated m Table V. 

Proof. By the same argument in the case of five ele- 
ments, it is concluded that a subset of five elements in 
a GHZ-Mermin experiment of six elements for the four- 
qubit system is a four-qubit GHZ-Mermin experiment 
of five elements. Then, by the Proposition in Section 
IV. A, a four-qubit GHZ-Mermin experiment of six ele- 
ments must equivalently be one of the forms 

{xxxx, yyxx, zzxx, xxyy, xxzz, * * *★}, (4B.10) 



{xxxx, yyxx, zzxx, xxyy, yyyy,****}, (4B.11) 



{xxxx, yyxx, zzxx, xxyy, yyzz, * * **}, (4B.12) 



{xxxx, yyxx, yxyx, xxyy, yxxy, * * **}, (4B.13) 



{xxxx, yyxx, yxyx, xxyy, xyxy, * * **}, (4B.14) 



{xxxx, yyxx, yxyx, xxyy, zzzz, * * **}, (4B.15) 



{xxxx, yyxx, yxyx, yxxy, zzzz, * * **}, (4B.16) 

{xxxx, yyxx, yxyx, zzzy, xyyx, * * **}, (4B.17) 

{xxxx, yyxx, xxyy, yyyy, zzzz,****}, (4B.18) 

{xxxx, yyxx, xxyy, zzyy, yyzz, * * **}, (4B.19) 

{xxxx, yyxx, xxyy, zzzz, yyzz,****}. (4B.20) 

(1) From Eq.(4B.10) we obtain Eq.(4B.l), and 
{xxxx, yyxx, zzxx, xxyy, xxzz, yyzz} = Eq.(4B.l), 

{xxxx, yyxx, zzxx, xxyy, xxzz, zzyy} = Eq.(4B.l), 

{xxxx, yyxx, zzxx, xxyy, xxzz, zzzz} = Eq.(4B.l). 

(2) From Eq.(4B.ll) wc obtain Eqs.(4B.2), (4B.3), 
and 

{xxxx, yyxx, zzxx, xxyy, yyyy, xxzz} = Eq.(4B.l), 

{xxxx, yyxx, zzxx, xxyy, yyyy, yyzz} = Eq.(4B.l). 

(3) From Eq.(4B.12) wc obtain Eq.(4B.4), and 
{xxxx, yyxx, zzxx, xxyy, yyzz, xxzz} = Eq.(4B.l), 

{xxxx, yyxx, zzxx, xxyy, yyzz, yyyy} = Eq.(4B.l), 

{xxxx, yyxx, zzxx, xxyy, yyzz, zzyy} = Eq.(4B.3). 

(4) From Eq.(4B.13) wc obtain Eqs.(4B.5), (4B.6), 
and 

{xxxx, yyxx, yxyx, xxyy, yxxy, xyxy} = Eq.(4B.5), 

{xxxx, yyxx, yxyx, xxyy, yxxy, yyyy} = Eq.(4B.5). 

(5) From Eq.(4B.14) we obtain Eqs.(4B.7), (4B.8), 
and 

{xxxx, yyxx, yxyx, xxyy, xyxy, yxxy} = Eq.(4B.5), 

{xxxx, yyxx, yxyx, xxyy, xyxy, xyyx} = Eq.(4B.5). 

(6) From Eq.(4B.15) wc obtain Eqs.(4B.6), (4B.8), 
and 

{xxxx, yyxx, yxyx, xxyy, zzzz, xyyx} = Eq.(4B.6), 
{xxxx, yyxx, yxyx, xxyy, zzzz, yyyy} = Eq.(4B.8). 
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(7) From Eq.(4B.16) we obtain Eq.(4B.6) and 

{xxxx, yyxx, yxyx, yxxy, zzzz, xyyx} = Eq.(4B.6), 

{xxxx, yyxx, yxyx, yxxy, zzzz, xyxy} = Eq.(4B.6), 

{xxxx, yyxx, yxyx, yxxy, zzzz, yyyy} = Eq.(4B.6). 

(8) From Eq.(4B.17) we obtain 

{xxxx, yyxx, yxyx, zzzy, xyyx, yyyz} = Eq.(4B.6), 

{xxxx, yyxx, yxyx, zzzy, xyyx, yxxz} = Eq.(4B.6), 
{xxxx, yyxx, yxyx, zzzy, xyyx, xyxz} = Eq.(4B.6), 

{xxxx, yyxx, yxyx, zzzy, xyyx, xxyz} = Eq.(4B.6). 

(9) From Eq.(4B.18) we obtain Eq.(4B.3) and 
{xxxx, yyxx, xxyy, yyyy, zzzz, yxyx} = Eq.(4B.8), 
{xxxx, yyxx, xxyy, yyyy, zzzz, yxxy} = Eq.(4B.8), 
{xxxx, yyxx, xxyy, yyyy, zzzz, xyyx} = Eq.(4B.8), 
{xxxx, yyxx, xxyy, yyyy, zzzz, xyxy} = Eq.(4B.8), 
{xxxx, yyxx, xxyy, yyyy, zzzz, xxzz} = Eq.(4B.3), 
{xxxx, yyxx, xxyy, yyyy, zzzz, yyzz} Eq.(4B.3), 

{xxxx, yyxx, xxyy, yyyy, zzzz, zzyy} = Eq.(4B.3). 

(10) From Eq.(4B.19) we obtain Eq.(4B.9) and 
{xxxx, yyxx, xxyy, zzyy, yyzz, zzxx} = Eq.(4B.3), 

{xxxx, yyxx, xxyy, zzyy, yyzz, xxzz} = Eq.(4B.3), 

{xxxx, yyxx, xxyy, zzyy, yyzz, yyyy} = Eq.(4B.l), 

{xxxx, yyxx, xxyy, zzyy, yyzz, xxzz} = Eq.(4B.3). 

(11) From Eq.(4B.20) we obtain Eqs.(4B.4), (4B.9) 
and 

{xxxx, yyxx, xxyy, zzzz, yyzz, xxzz} = Eq.(4B.l), 

{xxxx, yyxx, xxyy, zzzz, yyzz, yyyy} = Eq.(4B.3). 

From Table V we find that except for Eqs.(4B.3) and 
(4B.4), each of Eqs.(4A.l)-(4A.9) has different geomet- 
ric invariants and hence, they are inequivalent. However, 
{xxxx, yyzz, zzyy} in Eq.(4B.3) has four triads, while 
there is no subset of three elements in Eq.(4B.4) possess- 
ing four triads, as noted in the case of Eqs.(4A.10) and 
(4A.11) this concludes that Eqs.(4B.3) and (4B.4) arc 
inequivalent. The proof is complete. 

Theorem: Nontrivial GHZ — Mermin experiments of 
six elements for the four-qubit system must equivalently 



be either Eq.(4B.5) or Eq.(4B.6). Moreover, the associ- 
ated states exhibiting an "all versus nothing" contradic- 
tion between quantum mechanics and EPR 's local realism 
are GHZ states. 

Proof. By the above Proposition, it suffices to show 
that Eqs.(4B.l)-(4B.4) and (4B.7)-(4B.9) are all trivial, 
while Eqs.(4B.5) and (4B.6) are both nontrivial. 

(1) Since (xxxx) x (yyxx) x (xxyy) x (yyyy) — 1, for 
Eq.(4B.l) we have 6162646$ = 1. Then, one can assign 
v(xx) = 6 1 ,iy(y 1 ) = 6 2 ,v(z\) = e s ,v(y 3 ) = e 1 e 4 ,v(z 3 ) 

- 1 - . and the remaining ones v(-) = 1. 

(2) Since (xxxx) x (yyxx) x (xxyy) x (yyyy) = 1 and 
(xxxx) x (zzxx) x (xxyy) x (zzyy) = 1, for Eq.(4B.2) we 
have 6162646$ — 1 and 6163646% = 1, respectively. Then, 
one can assign v(x\) = ei,u(yi) = e 2 ,v(z\) = £3,^(2/3) = 
£164, and the remaining ones v(-) = 1. 

(3) Since (xxxx) x (yyxx) x (xxyy) x (yyyy) = 1, for 
Eq.(4B.3) we have 61626465 = 1. Then, one can assign 
u(xi) = ei,v(yi) = 6 2 ,v(z 1 ) = 6 3 ,v(y 3 ) = 6164, u(z 3 ) = 
6 3 6q, and the remaining ones v(-) = 1. 

(4) Since (yyxx) x (zzxx) x (yyzz) x (zzzz) = 1, for 
Eq.(4B.4) we have 62636565 = 1. Then, one can assign 
u(xi) = ei,v(yi) = 6 2 ,v(z 1 ) = 6 3 ,v(y 3 ) = 6464, v(z 3 ) = 
6265, and the remaining ones v(-) = 1. 

(5) Since (yyxx) x (yxyx) x (xxyy) x (xyxy) = 1 and 
(xxxx) x (yxyx) x (xyxy) x (yyyy) = 1, for Eq.(4B.7) 
we have 62636465 — 1 and £1636566 = 1, respectively. 
Then, one can assign v(x\) — 6\,v(y2) = 62,v(yz) = 
£3, K2/4) — £i£3^4:, arid the remaining ones v(-) = 1. 

(6) Since (yyxx) x (yxyx) x (xxyy) x (xyxy) = 1, 
for Eq.(4B.8) we have 62636465 = 1. Then, one can 
assign z/(a;i) = e 1 ,u(y 2 ) = 6 2 ,v(y 3 ) = e s ,v(y 4 ) = 
616364, v(z\) = 66, and the remaining ones v(-) = 1. 

(7) Since (xxxx) x (yyxx) x (xxyy) x (zzxx) x (yyzz) x 
(zzzz) = 1, for Eq.(4B.9) we have 616263646566 = 1. 
Then, one can assign v(x\) = 6i,v(y\) = 6 2 ,v(yz) = 
6163, v(zi) — 616364,^(23) = 6265, and the remaining 
ones v(-) = 1. 

Since Eq.(4A.4) is included in Eqs.(4B.5) and (4B.6) 
and \(p) — (|0000) — 1 1 1 1 1) ) is a common eigenstate 

of both Eqs.(4B.5) and (4B.6), it is concluded that 
Eqs.(4B.5) and (4B.6) are both nontrivial. Moreover, as 
shown in Section IV. A that the GHZ state is the unique 
state with equivalence up to a local unitary transforma- 
tion which presents the GHZ-Mermin proof in Eq.(4A.4), 
we conclude the same result for Eqs.(4B.5) and (4B.6). 
This completes the proof. 



C. The case of seven elements 

We characterize all four-qubit GHZ-Mcrmin experi- 
ments of seven elements as follows. 

Proposition: A GHZ — Mermin experiment of seven el- 
ements for the four-qubit system must equivalently be one 
of the following forms: 

{xxxx, yyxx, zzxx, xxyy, xxzz, yyyy, zzzz}, (4C.1) 
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TABLE VI: The numbers in the C column are C-invariants, 
while the numbers in 1 — 7's columns are R-invariants. 





C 1 2 3 4 5 


6 7 


(4C.1) 
(4C.2) 
(4C.3) 
(4C.4) 
(AC 


4 4 3 3 3 3 
4 4 3 3 4 2 
6 5 5 5 5 
4 5 4 5 4 4 
4 4 4 4 4 4 


2 2 

3 3 
5 5 

4 
4 


X X X X • 


, yyxx, zzxx, xxyy, xxzz, yyyy, zzyy}, 


(4C.2) 


^ X XjXjX> ■ 


yyxx, yxyx, xxyy, yxxy, xyyx, xyxy}, 


(4C.3) 


X XXX ■ 


yyxx, yxyx, xxyy, yxxy, xyyx, zzzz}, 


(4C.4) 


{xxxx 


, yyxx, yxyx, xxyy, xyxy, yyyy, zzzz}. 


(4C.5) 



Moreover, the geometric invariants of 

Eqs.(4C.l) - (4C.5) are illustrated in Table VI. 

Proof. As similar as above, a subset of six elements in a 
GHZ-Mermin experiment of seven elements for the four- 
qubit system is a four-qubit GHZ-Mermin experiment of 
six elements. Then, by the Proposition in Section IV. B, 
a four-qubit GHZ-Mermin experiment of seven elements 
must equivalently be one of the forms 

{xxxx, yyxx, zzxx, xxyy, xxzz, yyyy, * * **}, (4C.6) 



{xxxx, yyxx, zzxx, xxyy, yyyy, zzyy, ** **}, (4C.7) 



{xxxx, yyxx, zzxx, xxyy, yyyy, zzzz,****}, (4C.8) 



{xxxx, yyxx, zzxx, xxyy, yyzz, zzzz,****}, (4C.9) 



{xxxx, yyxx, yxyx, xxyy, yxxy, xyyx, * * **}, (4C.10) 



{xxxx, yyxx, yxyx, xxyy, yxxy, zzzz,****}, (4C.11) 



{xxxx, yyxx, yxyx, xxyy, xyxy, yyyy, ****}, (4C.12) 



{xxxx, yyxx, yxyx, xxyy, xyxy, zzzz,****}, (4C.13) 

{xxxx, yyxx, xxyy, zzyy, yyzz, zzzz,****}. (4C.14) 

(1) From Eq.(4C6) we obtain Eqs.(4C.l), (4C.2), and 
{xxxx, yyxx, zzxx, xxyy, xxzz, yyyy, yyzz} = Eq.(4C.2). 

(2) From Eq.(4C7) we obtain Eq.(4C2) and 
{xxxx, yyxx, zzxx, xxyy, yyyy, zzyy, zzzz} = Eq.(4C.2), 
{xxxx, yyxx, zzxx, xxyy, yyyy, zzyy, yyzz} = Eq.(4C.2). 

(3) From Eq.(4C8) we obtain Eq.(4C.l) and 
{xxxx, yyxx, zzxx, xxyy, yyyy, zzzz, yyzz} = Eq.(4C.l), 
{xxxx, yyxx, zzxx, xxyy, yyyy, zzzz, zzyy} = Eq.(4C.2). 

(4) From Eq.(4C9) we obtain 

{xxxx, yyxx, zzxx, xxyy, yyzz, zzzz, xxzz} = Eq.(4C.2), 
{xxxx, yyxx, zzxx, xxyy, yyzz, zzzz, yyyy} = Eq.(4C.l), 
{xxxx, yyxx, zzxx, xxyy, yyzz, zzzz, zzyy} = Eq.(4C.l). 

(5) From Eq.(4C10) we obtain Eqs.(4C3), (4C.4), 
and 

{xxxx, yyxx, yxyx, xxyy, yxxy, xyyx, yyyy} = Eq.(4C3). 

(6) From Eq.(4C.ll) wc obtain Eq.(4C.4) and 
{xxxx, yyxx, yxyx, xxyy, yxxy, zzzz, xyxy} = Eq.(4C.4), 
{xxxx, yyxx, yxyx, xxyy, yxxy, zzzz, yyyy} = Eq.(4C.4). 

(7) From Eq.(4C12) wc obtain Eq.(4C5) and 
{xxxx, yyxx, yxyx, xxyy, xyxy, yyyy, yxxy} = Eq.(4C3), 
{xxxx, yyxx, yxyx, xxyy, xyxy, yyyy, xyyx} = Eq.(4C3). 

(8) From Eq.(4C13) we obtain Eq.(4C.5), and 
{xxxx, yyxx, yxyx, xxyy, xyxy, zzzz, yxxy} = Eq.(4C.4), 
{xxxx, yyxx, yxyx, xxyy, xyxy, zzzz, xyyx} = Eq.(4C.4). 

(9) From Eq.(4C14) we obtain 

{xxxx, yyxx, xxyy, zzyy, yyzz, zzzz, zzxx} = Eq.(4C.l), 
{xxxx, yyxx, xxyy, zzyy, yyzz, zzzz, xxzz} = Eq.(4C.l), 
{xxxx, yyxx, xxyy, zzyy, yyzz, zzzz, yyyy} = Eq.(4C.l). 
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From Table VI we find that each of Eqs.(4C.l)-(4C5) 
has different geometric invariants and hence, they are all 
inequivalent. The proof is complete. 

Theorem: Nontrivial GHZ — Mermin experiments of 
seven elements for the four-qubit system must equiva- 
lently be either Eq.(4C3) or Eq.(4C4). Moreover, the 
associated states exhibiting an "all versus nothing" con- 
tradiction between quantum mechanics and EPR's local 
realism are GHZ states. 

Proof. By the above Proposition, it suffices to show 
that Eqs.(4C.l), (4C.2), and (4C.5) are all trivial, while 
Eqs.(4C3) and (4C.4) are both nontrivial. 

(1) Since (xxxx) x (yyxx) x (xxyy) x (yyyy) = 1 and 
(xxxx) x (zzxx) x (xxzz) x (zzzz) = 1, for Eq.(4C.l) we 
have £i£2£4£6 = 1 and £i£3£5£7 = 1, respectively. Then, 
one can assign v(x\) = ei,u(yi) = e 2 ,v(zi) = e 3 ,is(y 3 ) = 
£i£4, v(z 3 ) — £i£5, and the remaining ones v(-) = 1. 

(2) Since (xxxx) x (yyxx) x (xxyy) x (yyyy) = 1 and 
(xxxx) x (zzxx) x (xxyy) x (zzyy) = 1, for Eq.(4C.2) we 
have £i£2£4£6 = 1 and £i£3£zt£7 = 1, respectively. Then, 
one can assign v(xi) = £ X , v(y{) = e 2 ,v(zi) = £3, v(y 3 ) = 
£i£4, v(zs) = £i£5, and the remaining ones v(-) = 1. 

(3) Since (xxxx) x (yxyx) x (xyxy) x (yyyy) — 1 and 
(yyxx) x (yxyx) x (xxyy) x (xyxy) = 1, for Eq.(4C.5) 
we have £i£3£5£6 = 1 and £2£3£4£5 = 1, respectively. 
Then, one can assign v(x\) — Ei,v(y 2 ) = £2,^(2/3) = 
£3^(2/4) = £i£3£4, v(z\) — £7, and the remaining ones 
<) = 1. 

Since Eq.(4B.5) is included in Eqs.(4C3) and (4C.4) 
and \ip) = -j= (| 0000) — 1 1 1 1 1) ) is a common eigenstate 
of both Eqs.(4C3) and (4B.4), it is concluded that 
Eqs.(4C.3) and (4C.4) are both nontrivial. Moreover, as 
shown in Section IV. B that the GHZ state is the unique 
state with equivalence up to a local unitary transforma- 
tion which presents the GHZ-Mcrmin proof in Eq.(4B.5), 
we conclude the same result for Eqs.(4C.3) and (4C.4). 
This completes the proof. 

D. The case of eight elements 

We characterize all four-qubit GHZ-Mcrmin experi- 
ments of eight elements as follows. 

Proposition: A GHZ — Mermin experiment of eight el- 
ements for the four-qubit system must equivalently be one 
of the following forms: 

{xxxx, yyxx, zzxx, xxyy, xxzz, yyyy, zzzz, yyzz}, 

(4D.1) 

{xxxx, yyxx, yxyx, xxyy, yxxy, xyyx, xyxy, yyyy}, 

(4D.2) 

{xxxx, yyxx, yxyx, xxyy, yxxy, xyyx, xyxy, zzzz}. 

(4D.3) 

Moreover, the geometric invariants of 

Eqs.(4D.l) - (4D.3) are illustrated in Table VII. 



TABLE VII: The numbers in the C column are C-invariants, 
while the numbers in 1 — 8's columns are R-invariants. 





C 


1 


2 


3 


4 


5 


6 


7 


8 


(4D.1) 


4 


4 


4 


3 


2 


4 


3 


3 


4 


(4D.2) 





6 


6 


6 


6 


6 


6 


6 


6 


(4D.3) 


4 


6 


5 


5 


5 


5 


5 


5 






Proof. As similar as above, a subset of seven elements 
in a GHZ-Mermin experiment of eight elements for the 
four-qubit system is a four-qubit GHZ-Mermin experi- 
ment of seven elements. Then, by the Proposition in 
Section IV. C, a four-qubit GHZ-Mermin experiment of 
eight elements must equivalently be one of the forms 

{xxxx, yyxx, zzxx, xxyy, xxzz, yyyy, zzzz,** **} , 

(4D.4) 

{xxxx, yyxx, zzxx, xxyy, xxzz, yyyy, zzyy,****}, 

(4D.5) 



{xxxx, yyxx, yxyx, xxyy, yxxy, xyyx, xyxy, * * **}, 

(4D.6) 



{xxxx, yyxx, yxyx, xxyy, yxxy, xyyx, zzzz, * * **}, 

(4D.7) 



{xxxx, yyxx, yxyx, xxyy, xyxy, yyyy, zzzz,****}. 

(4D.8) 

(1) From Eq.(4D.4) we obtain Eq.(4D.l) and 

{xxxx, yyxx, zzxx, xxyy, xxzz, yyyy, zzzz, zzyy} 

= Eq.(4D.l). 

(2) From Eq.(4D.5) we obtain 

{xxxx, yyxx, zzxx, xxyy, xxzz, yyyy, zzyy, zzzz} 

= Eq.(4D.l), 

{xxxx, yyxx, zzxx, xxyy, xxzz, yyyy, zzyy, yyzz} 

S Eq.(4D.l). 

(3) From Eq.(4D.6) we obtain Eqs.(4D.2) and (4D.3). 

(4) From Eq.(4D.7) we obtain Eq.(4D.3) and 

{xxxx, yyxx, yxyx, xxyy, yxxy, xyyx, zzzz, yyyy} 

= Eq.(4D.3). 
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(5) From Eq.(4D.8) we obtain 

{xxxx, yyxx, yxyx, xxyy, xyxy, yyyy, zzzz, yxxy} 

= Eq.(4D.3), 

{xxxx, yyxx, yxyx, xxyy, xyxy, yyyy, zzzz, xyyx} 

= Eq.(4D.3). 

From Table VII we find that each of Eqs.(4D.l)-(4D.3) 
has different geometric invariants and hence, they are all 
inequivalent. The proof is complete. 

Theorem: Nontrivial GHZ — Mermin experiments of 
eight elements for the four-qubit system must equivalently 
be either Eq.(4D.2) or Eq.(4D.3). Moreover, the associ- 
ated states exhibiting an "all versus nothing" contradic- 
tion between quantum mechanics and EPR 's local realism 
are GHZ states. 

Proof. By the above Proposition, it suffices to show 
that Eq.(4D.l) is trivial, while Eqs.(4D.2) and (4D.3) 
are both nontrivial. 

Indeed, since (xxxx) x (yyxx) x (xxyy) x (yyyy) — 
1, (xxxx) x (zzxx) x (xxzz) x (zzzz) — 1, and (xxxx) x 
(yyxx) x (xxzz) x (yyzz) = 1, for Eq.(4D.l) we have 
£l£2£4£6 = l,£l£3£5£7 = 1, and £i£2£s£8 = 1- Then, one 
can assign v(x x ) = e 1 ,v(y 1 ) = e 2 ,v(zi) = e 3 ,v(y 3 ) = 
£i£4, v(zs) = £i£5, and the remaining ones v(-) = 1. 

On the other hand, Eq.(4C.3) is included in Eqs.(4D.2) 
and (4D.3) and \<p) = -±= (|0000) - 1 1 1 1 1> ) is a common 
eigenstate of both Eqs.(4D.2) and (4D.3), it is concluded 
that Eqs.(4D.2) and (4D.3) are both nontrivial. More- 
over, as shown in Section IV. C that the GHZ state is 
the unique state with equivalence up to a local unitary 
transformation which presents the GHZ-Mermin proof 
in Eq.(4C.3), we conclude the same result for Eqs.(4D.2) 
and (4D.3). This completes the proof. 

V. MAXIMAL GHZ-MERMIN EXPERIMENTS 

In this section, we show that a GHZ-Mermin experi- 
ment of the four-qubit system contains at most nine el- 
ements and those maximal GHZ-Mermin experiments of 
nine elements have two different forms, one of which is 
trivial, while another one is nontrivial. 

Proposition: A GHZ — Mermin experiment of the four- 
qubit system contains at most nine elements, and a four- 
qubit GHZ — Mermin experiment of nine elements must 
equivalently be one of the following forms: 

{xxxx, yyxx, zzxx, xxyy, xxzz, yyyy, zzzz, yyzz, zzyy}, 

(5.1) 

{xxxx, yyxx, yxyx, xxyy, yxxy, xyyx, xyxy, yyyy, zzzz}. 

(5-2) 

Moreover, the geometric invariants o/Eqs.(5.1) and (5.2) 
are illustrated in Table VIII. 



TABLE VIII: The numbers in the C column are C-invariants, 
while the numbers in 1 — 9's columns are R-invariants. 





C 1 


2 


3 


4 


5 


6 


7 8 9 


(5.1) 


4 4 


4 


4 


4 


4 


4 


4 4 4 


(5.2) 


4 6 


6 


6 


6 


6 


6 


6 6 


Proof. 


Indeed, 


as 


similar 


as 


above, 


a 


subset of eight 



elements in a GHZ-Mermin experiment of nine elements 
for the four-qubit system is a four-qubit GHZ-Mermin 
experiment of eight elements. Then, by the Proposition 
in Section IV. D, a four-qubit GHZ-Mermin experiment 
of nine elements must equivalently be one of the forms 

{xxxx, yyxx, zzxx, xxyy, xxzz, yyyy, zzzz, yyzz, ****}, 

(5.3) 

{xxxx, yyxx, yxyx, xxyy, yxxy, xyyx, xyxy, yyyy, ****}, 

(5.4) 

{xxxx, yyxx, yxyx, xxyy, yxxy, xyyx, xyxy, zzzz,****}. 

(5.5) 

From Eq.(5.3) we obtain Eq.(5.1), as well from Eqs.(5.4) 
and (5.5) obtain Eq.(5.2). 

On the other hand, it is evident that one cannot add 
a element into Eq.(5.1) or (5.2) for obtaining a larger 
GHZ-Mermin experiment. This completes the proof. 

Theorem: Nontrivial GHZ — Mermin experiments of 
nine elements for the four-qubit system must equivalently 
be Eq.(5.2). Moreover, the associated states exhibiting an 
"all versus nothing" contradiction between quantum me- 
chanics and EPR 's local realism are GHZ states. 

Proof. By the above Proposition, it suffices to show 
that Eq.(5.1) is trivial, while Eq.(5.2) is nontrivial. 

Indeed, since (xxxx) x (yyxx) x (xxyy) x (yyyy) — 
\,(xxxx) x (zzxx) x (xxzz) x (zzzz) — l,(xxxx) x 
(yyxx) x (xxzz) x (yyzz) = 1, and (xxxx) x (zzxx) x 
(xxyy) x (zzyy) = 1, for Eq.(5.1) we have £i£2£4£6 = 

l,£l£3£5£7 = l,£i£2£5£8 = 1, and £i£3£4£g = 1. Then, 

one can assign v(x x ) = ei,v(yi) = e 2 ,v(z x ) = e 3 ,v(y 3 ) = 
E\E\, v(zz) — £i£5, and the remaining ones v(-) = 1. 

On the other hand, Eq.(4D.2) is included in Eq.(5.2) 
and \(p) — ^ (|0000) — 1 1 1 L L) ) is a common eigenstate 

of Eq.(5.2), it is concluded that Eq.(5.2) is nontrivial. 
Moreover, as shown in Section IV. D that the GHZ state 
is the unique state with equivalence up to a local unitary 
transformation which presents the GHZ-Mermin proof in 
Eq.(4D.2), we conclude the same result for Eq.(5.2). This 
completes the proof. 

VI. CONCLUSION 

By using some subtle mathematical arguments, we 
present a complete construction of the GHZ theorem for 
the four-qubit system. Two geometric invariants play a 
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crucial role in our argument. We have shown that a GHZ- 
Mermin experiment of the four-qubit system contains at 
most nine elements and a four-qubit GHZ-Mermin ex- 
periment presenting the GHZ-Mermin-like proof contains 
at least five elements. We have exhibited all four-qubit 
GHZ-Mermin experiments of 3-9 elements. 

In particular, we have proved that the four-qubit 
states exhibiting 100% violation between quantum me- 
chanics and EPR's local realism are equivalent to 
| GHZ) = ^ (|0000) - 1 1111)) up to a local unitary trans- 
formation, which maximally violate the following Bell 
inequality 

(B) < 9, (6.1) 

where B = -xix 2 x 3 X4:+yiy 2 x 3 X4+yix 2 y 3 X4+xix 2 y 3 y4,+ 
yix 2 x 3 y 4 + xiy 2 yzXi + xiy 2 x 3 yi - y\y 2 y 3 y± + ziz 2 z 3 z 4 . 
On the other hand, as shown in Theorem in Sec.V, the 
state maximally violating Eq.(6.1) is unique and equal to 
| GHZ). This yields that the maximal violation of statisti- 
cal predictions is equivalent to (and so implies) the viola- 
tion of definite predictions between quantum mechanics 
and EPR's local realism for the four-qubit system, as 
similar to the three-qubit system Therefore, from 



the view of EPR's local realism one concludes that the 
maximally entangled states of four qubits should be just 
the GHZ state 0. We would like to expect the same 
result holds true for n qubits, that is, all states exhibiting 
100% violation between quantum mechanics and EPR's 
local realism must be GHZ's states up to a local unitary 
transformation. This will provides a natural definition of 
GHZ states and hence clarifies the maximally entangled 
states of n qubits. 

Note that Eq.(6.1) is not a standard Bell inequality 
which have two observables at each site llj. From the 
viewpoint of GHZ's theorem we need to study Bell in- 
equalities of n qubits in which measurements on each par- 
ticle can be chosen among three spin observables. This 
should be helpful to reveal the close relationship among 
entanglement, Bell inequalities, and EPR's local realism 
[l2| . Since the Bell inequalities and GHZ's theorem are 
two main theme on the violation of EPR's local realism, 
it turns out that GHZ's theorem and Bell- type inequali- 
ties can be used to reveal what the term maximally en- 
tangled states should actually mean in the multipartite 
and/or higher dimensional quantum systems. 
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